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1. Suppose the circle has a radius of 1.  The hexagon can be decomposed into six equilateral triangles, each of which has a side length of 1.  The area of each of these triangles can be computed as ¼(√3).  Therefore the ratio of the area of the hexagon to the area of the circle is [3√3]/[2π].
2. Setting the expressions equal and squaring gives 

23 + 4√30   =   a + b + 2√ab.

This will be equal if  a+b = 23  and if  ab =  120.

That’s the case if a = 8 and b = 15.

Therefore the expression is the same as √8 + √15.

3. First note that for all x we have [x8 (x8 – 1)(x2 – 1)] ( 0.

This is because x8 is always non-negative and the terms (x8 – 1) and (x2 – 1) are either both negative (if |x| < 1) or both non-negative (if |x| ( 1).

Multiplying out the terms of [x8 (x8 – 1)(x2 – 1)] ( 0 yields

x20 – x16– x10+ x8  ( 0 which gives the result.
4. Let A, B, and C represent points on the plane corresponding to the three houses (Adam, Brian, and Carol).  The segment AB is part of a radius of the circle and the nearest point on the circle to B is the missing part of this radius, so the distance we are interested in computing is 1 – AB.
Triangle ABC is isosceles with two sides of length 1 and an angle of 45 degrees between these two sides.  Using the Law of Cosines  we can find that AB = √[2 - √2].

So, the desired distance is 1-AB = 1 - √[2 - √2].

5. The sum in the denominator is:  n(n+1)/2.

So the we are summing [2 / n(n+1)] from n=1 to n=∞.

Using partial fractions [2 / n(n+1)] = [2/n – 2/(n+1)].

So the sum is a telescoping series that looks like:

[2 – 2/2] + [2/2 – 2/3] + [2/3 – 2/4] + [2/4 – 2/5] + …

which converges to 2.

6.  If N is even then M = N/2 is an integer and 2/N is therefore an Egyptian fraction since it equals 1/M.
If N is odd (and larger than 2) then it is of the form 2M – 1 for some integer M ≥ 2.  In which case 2/N = 2/(2M-1) = 1/M + 1/[M(2M-1)] which is an Egyptian fraction.  (The two terms are different since 2M – 1 > 1.

7. This was made easier by my accidentally leaving off the condition “non-constant function”.  Both f(x) = 2 and f(x) = 2e(1/2) x do the trick.  A somewhat more difficult challenge is to show that f(x) = √[A + (4-A)ex] is a solution for any 0 ≤ A ≤ 4.  The two solutions above are the extreme cases when A=4 and when A=0.
