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1. Let Pn be the value of the nth pentagonal number.  There are many ways to do this, but below is a method using recursion and a telescoping sequence.  Knowing the value of Pn we can obtain Pn+1 by adding 3 sides of length (n+1).  However, this counts two of the corners twice, so Pn+1 = Pn + 3(n+1) – 2.
In other words Pn+1 – Pn = 3n+1.

Therefore Pn = (Pn – Pn–1) + (Pn–1 – Pn–2) + … + (P2 – P1) + P1
                     = [3(n-1) + 1] + [3(n-2) + 1] + …+[3(1) + 1] + 1
                     = 3[1 + 2 +…+(n-2) + (n-1)] + 1(n)

                     = 3(n)(n-1)/2 + n

                     = ½ [3n2 – n].

2. This is equivalent to counting the positive integers less than 35,000 that are divisible by 7 and then subtracting off those that are also divisible by 35.  Since 35000/7 = 5000 there are 5000 positive integers that are less than or equal to 35,000 and divisible by 7.  Similarly since 35000/35 =1000, there are 1000 such integers that are also divisible by 5.  Therefore there are exactly 4,000 such integers that meet all three conditions.
3. If Jar #1 is to look the same way it did at the start, the ball drawn initially must have the same color as the one that replaces it.  There are four ways this can happen – the marble selection sequence could be Red-Red-Red, or Red-Black-Red, or Black-Red-Black, or Black-Black-Black.
Each of these probabilities can be computed and summed to get the final answer:

(1/2)*(1/2)*(1/2) + (1/2)*(1/2)*(1/3) + (1/2)*(1/4)*(1/2) + (1/2)*(3/4)*(2/3) = (25/48).

Therefore it is slightly more likely that the jar will have it’s original configuration than it is that it will have a changed configuration.

4. Note that n2 + 5n + 8 = (n+2)2 + n + 4, so if it is a perfect square it is larger than (n+2)2.  The next largest perfect square is (n+3)2 = n2 + 6n + 9 > n2 + 5n + 8.
Therefore n2 + 5n + 8 cannot be a perfect square.
5a. If this is true for every polynomial of degree three or less, then in particular it must be true for P(x)=x and for P(x)=x2.   

In the first case the formula gives 0 = a + b.

In the second case the formula gives 2/3 = a2 + b2.

The first equation tells us b = –a.  Applying this to the second gives 2/3 = 2a2.  Therefore 1/3 = a2, and so a = 1/(3, while b = –1/(3.
5b. To prove that the original statement is true, take an arbitrary polynomial

P(x) = Ax3 + Bx2 + Cx + D.

The integral on the left is [(1/4)Ax4 + (1/3)Bx3 + (1/3)Cx2 + Dx] from x=-1 to x=1, which evaluates to (2/3)B + 2D.

On the other hand, the left hand side evaluates to

P(a) + P(b) 

= [A(1/(3)3 + B(1/(3)2 + C(1/(3) + D] + [A(-1/(3)3 + B(-1/(3)2 + C(-1/(3) + D]

= 2B(1/3) + 2D, the same as the value on the above.  Therefore both sides of the equation are equal for any polynomial of degree three or less.
6. Suppose that D is a divisor of a term xn.  Consider xn+1 (mod D).  

Since an+1 = an2 – an + 1 and since xn = 0 (mod D), we get xn+1 = 1 (mod D).

Therefore D doesn’t divide xn+1.  Further, if xn+1 = 1 (mod D) then

an+2 = an+12 – an+1 + 1 = 1 (mod D).  Inductively, xm = 1 (mod D) for all m > n.

Since no two terms may share a common divisor, every pair of terms is relatively prime.

7. Start with the series 1/(1 – x) = ( xn   (for 0<x<1) and integrate.  This gives,

– ln (1 – x) = ( (1/(n+1))xn+1   where the sum runs from n=0 to infinity.

That is the same as saying

– ln (1 – x) = ( (1/n)xn   where the sum runs from n=1 to infinity.

Evaluating at x=½ gives the result

( 1/(n*2n) =  – ln (1 – ½) = ln(2).

