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1. Let D be the length of AC if X and O are the same point.  Since the triangle is equilateral, D=r.  Now suppose that X is a distance c away from O.  It is sufficient to show that the length of AC is still r, since that will prove the length of the arc is still 60 degrees.

Without loss of generality, assume O is the origin of the xy-plane.  Then the equation of the circle is x2 + y2 = r2.  The equation for the line through X and Y is y=((3)(x+c) and the equation for the line through X and Z is y=(-(3)(x+c).

Solving these simultaneously with the equation of the circle shows that the x-coordinates of the points A and C must both solve the expression x2 + 3(x+c)2 = r2.

Let x1 be the x-coordinate of A.  Then the coordinates of A are (x1, ((3)(x1 + c)).  Similarly if x2 is the x-coordinate of C, then C is at coordinate (x2, (-(3)(x2 + c)).

The distance between them is:

([(x2 – x1)2 + 3(x1 + c + x2 + c)2]

=

([(x22 – 2x1x2 + x12 + 3(x1 + c)2 + 6(x1 + c)(x2 + c) + 3(x2 + c)2].

Now,

Since both x2 and x1 satisfy x2 + 3(x+c)2 = r2 we have that 
x1 + x2 = –(3/2)c,
and

x1x2 = (3c2 – r2)/4.
Substituting these known values into the square root equation shows the distance is

([(r2 + r2 + (3c2 – r2) – 9c2 + 6c2] = r.

Therefore the angle of arc ABC must be 60 degrees.

2. When n=2 the product is (3/4).

    When n=3 the product is (3/4)(8/9) = (2/3) or (4/6).

    When n=4 the product is (3/4)(8/9)(15/16) = (5/8).

The expression generally is (n+1)/2n which is proven by induction.  The n=2 case is done above.  Suppose this is the correct expression for a certain value of n.  Then at stage (n+1) the expression equals [(n+1)/2n]*(1 + 1/(n+1))(1 – 1/(n+1)).

This equals [(n+1)/2n]*[(n)(n+2)/(n+1)2] = (n+2) / 2(n+1), which is the correct value for stage (n+1).
3. If such a triangle exists, then by the Pythagorean theorem (a+2)2 = (a+1)2 + a2.

This simplified so a2 – 2a – 3 = 0 which has two solutions: a = 3, or a = –1.

The a=3 solution yields the usual 3/4/5 triangle while the other cannot represent a triangle because it is negative. 
4. Since gm(x) = [f(x)]m we get 
gm’(x) = m[f(x)]m – 1[f ‘(x)], and

gm’’(x) = m(m – 1)[f(x)]m – 2[f ‘(x)]2 + m[f(x)]m – 1[f ‘’(x)], etc.

Inductively, gm(m)(x) = [m!] [f ‘(x)]m + “terms involving [f(x)]”

So, gm(m)(1) = [m!] [f ‘(1)]m + [f(1)][“other terms”].

But f(1)=0, and f’(1)=3, so gm(m)(1) = (m!)3m.

5. (tan x – 1)2 ( 0 with equality exactly when x = ((/4) + n((/2) for some integer n.
This inequality yields

tan2x – 2tan(x) + 1 ( 0
tan2x + 1 ( 2 tan(x)
sec2x  ( 2 tan(x)

sec2x  ( |2 tan(x)|
(since the left hand side is non-negative)
Or, |sec (x)|  ( (|2 tan(x)|
With equality occurring exactly when the original equation had equality – namely if 
x = ((/4) + n((/2) for some integer n.

6. The only possible rational roots of x5 – 5x – 3 are (1 or (3, none of which work.  So, since it has no rational roots, it must factor as the product of a quadratic and cubic expression.  There are only four forms this could take.

POSSIBILITY ONE: x5 – 5x – 3 = (x2 + ax – 3)(x3 + bx2 + cx + 1)

Multiplying out the terms on the right and equating corresponding coefficients on the left yields:

a + b = 0

ab – 3 + c = 0

–3b + ac + 1 = 0

–3c + a = –5 

Solving this system shows 3c2 + 4c – 14 = 0, which has non-integer solutions, ruling out this possibility.

POSSIBILITY TWO: x5 – 5x – 3 = (x2 + ax + 3)(x3 + bx2 + cx – 1)

Multiplying out the terms on the right and equating corresponding coefficients on the left yields:

a + b = 0

ab + 3 + c = 0

3b + ac – 1 = 0

3c – a = –5 

Solving this system shows 3c2 – 4c – 16 = 0, which has non-integer solutions, ruling out this possibility.

POSSIBILITY THREE: x5 – 5x – 3 = (x2 + ax + 1)(x3 + bx2 + cx – 3)

Multiplying out the terms on the right and equating corresponding coefficients on the left yields:

a + b = 0

ab + 1 + c = 0

b + ac – 3 = 0

c – 3a = –5 

Solving this system shows c2 + 4c – 14 = 0, which has non-integer solutions, ruling out this possibility.

POSSIBILITY FOUR: x5 – 5x – 3 = (x2 + ax – 1)(x3 + bx2 + cx + 3)

Multiplying out the terms on the right and equating corresponding coefficients on the left yields:

a + b = 0

ab – 1 + c = 0

–b + ac + 3 = 0

–c +3a = –5 

Solving this system shows c2 – 4c + 4 = 0, which has c=2 as its only solution.  This also gives a = –1, and b = 1.  Therefore the polynomial factors as:

 x5 – 5x – 3 = (x2 – x – 1)(x3 + x2 + 2x + 3)

7.  Integrate by parts.  Let u = (1 – x2)n  and let dv = dx.  Then the integral equals
                                                     1            1   
                     x(1 – x2)n |   –   (  –2n x2 (1 – x2)n – 1  dx
                                         0           0
The (uv) term goes away after evaluation, so the integral is just equal to

                                                         1               
                               (2n)   (  x2 (1 – x2)n – 1  dx
                                           0           
Repeating this a second time gives a value of 

                                                                                         1               
                               [(2n)(2(n – 1)) / 3]   (  (x2)2(1 – x2)n – 2  dx
                                                               0           
And after the nth repetition, the integral becomes

                                                                                                               1               
                               (2n n!) / [(1)(3)(5)…(2n – 1)]  ( (x2)n dx
                                                                            0           
The integral can be directly evaluated, and since 
[(1)(3)(5)…(2n – 1)] = [(2n)! / (2n (n)!)], 
the original expression equals    4n (n!)2 / (2n+1)!
