6th Annual Eastern Oregon University Mathematics Competition Exam -- 2009
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1. Suppose O is the center of a circle of radius r. Suppose XYZ is an equilateral triangle with altitude r for which line segment YZ is tangent to the circle. Let A,B, and C be the intersections of line segments XY,YZ, and ZX with the circle, respectively. Prove that the angle measure of arc ABC is 60o.

2a. Evaluate the following product when n=2, when n=3, and when n=4:

(1+1/2)(1-1/2)(1+1/3)(1-1/3)...(1+1/n)(1-1/n)

2b. Predict a simple, rational expression equal to the product above (as a function of n) and prove your guess.

3. A 3,4,5 triangle is a right triangle where the two legs have lengths 3 and 4 and the hypotenuse has length 5.  Are there any other right triangles where the lengths are of the form a,(a+1),(a+2)?  

If so, find them all.  If not, explain why.

4. Let f(x) = x³–1. Let m be a positive integer and let gm(x)=[f(x)]m. Find the exact value of gm(m)(1), the mth derivative of gm evaluated at x=1.

5. Show that the inequality |sec(x)| ≥√(2|tan(x)|) holds for all values of x at which both sides of the inequality are defined, and determine all values of x at which equality holds.

6. Factor the polynomial x⁵– 5x – 3 as the product of two non-constant polynomials with integer coefficients.

7. Find a closed-form expression (involving n) equal to integral below. Your expression is allowed to include +,-,x,/, exponentials, and factorials only. (In particular, an answer including "…" or an arbitrary sum "∑" would not be sufficient).

                              1
              ((1 – x²)ⁿ dx
                             0
