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1.  Let M be the line through the centers of both circles and P be the point where this line intersects the tangent line.  Draw L1 and L2, the radii of the circles perpendicular to the tangent line.  Let x be the distance from P to the smaller circle.
Using similar triangles (6 / 2) = (10+x) / (2+x).  Solving this yields x=2.

Let ( be the angle between M and L.  Using the right triangles available, sin( = ½ and so

( = (/6.  Therefore the larger angle in the triangles is (/3.

Using these angles we can also determine that the base of the larger triangle is 6(3 and the base of the smaller triangle is 2(3.  So we can compute the areas of the two triangles which are 18(3 and 2(3 respectively.

Finally, the shaded region is the large triangle minus the small one minus 1/6 of the large circle minus 1/3 of the small circle, so it has area

[18(3 – 2(3] – (1/6)((6)2 – (1/3)((2)2 which simplifies to 16(3 – (22/3) (.
2. To pass through x=1 and x=3 the function must be of the form f(x)=a(x-1)(x-3) for some constant a.  Expanding f(x) = ax2 – 4ax + 3a.  The second condition requires that if we integrate this from x=1 to x=3 the resulting area is –1.  So, 

-1=[(1/3)a33 – 2a32 + 3a3] – [(1/3)a13 – 2a12 + 3a1] = [9a – 18a + 9a] – [(1/3)a – 2a + 3a]
This simplifies to 1 = (4/3)a.  So a=(3/4).

Therefore f(x) = (3/4) (x-1)(x-3) is the desired function.
3. For the polynomials to commute we must have:

a(cnxn + cn–1 xn–1  + … + c1x + c0) = cn(ax + b)n + cn–1 (ax + b)n–1  + … + c1(ax + b) + c0.

In particular, comparing the leading terms, we need: acn = ancn  which, since neither leading coefficient is zero, means an–1 = 1.  So a = ±1.

Further, by looking at the xn–1 term, we must have a cn–1 = n cn an–1 b + cn–1  an–1 .

If a = 1, this means cn–1 = n cn b + cn–1 .  So ncnb = 0, and thus b=0 (since cn is assumed non-zero and n is at least 2).

4a. If n=2 the sum is (1/2).

If n=3 the sum is (1/2)+(2/6) = (5/6)

If n=4 the sum is (1/2)+(2/6)+(3/24) = (23/24).

4b. These sums follow the pattern [n! – 1] / n!

If this is the correct form for n=k, then for n=(k+1) we have a sum of

[k! – 1] / k! + (k / (k+1)!) =  {(k+1)[k! – 1] + k} / (k+1)!

                                         = [(k+1)! – 1] / (k+1)!

So, by induction, this is the correct form for any integer n.

5. If f(x) = 2 had a real solution it would have to occur at a point x for which sin(x)=1 and sin(x2) = -1.  Therefore x = ((/2) + (2()N for some integer N and x2 = (3(/2) + (2()M for some integer M.  Squaring the first quantity and setting things equal gives:

((2/4) + ((2)N + (4(2)N2 = (3(/2) + (2()M.
Dividing by, and then solving for ( then gives: ( = [(3/2) + 2M] / [(1/4) + N + 4N2].

But the right hand side is a rational number, so these can’t be equal.  Therefore the original function has no real solutions.
                         a  b                                 
6. Let G(a,b) = ( (  exy dx dy  

                        1  1                            
Then F(r)=G(r,r).  So, F’(r) = (δG/δa)(da/dr) + (δG/δb)(db/dr), evaluated at a=b=r.
But da/dr = db/dr = 1.

And using the Fundamental Theorem of Calculus,

                          b
(δG/δa) = (  exa dx = (1/a)[eab – ea]
                        1
And
                          a
(δG/δb) = (  eby dy = (1/b)[eab – eb]
                        1
Therefore, F’(r) = 2(1/r)[er*r – er], or

F’(r) = (2/r) (er )(er – 1).

7. Let (n = (1 + … + (n.  Then 

sin[(n] = sin[(n – (n – 1] = sin[(n]cos[(n – 1] – cos[(n]sin[(n – 1]

           = [n / ((n2 + 1)] [1 / ((n-1)2 +1] – [1 / ((n2 + 1)] [(n – 1) / ((n-1)2 +1]

           = 1 / {[((n2 + 1)][ ((n-1)2 +1]  =   1 / ( [(n2 + 1)(n2 – 2n + 2)]

So,

limn ( ∞ n2 (n = limn ( ∞ (n2 sin((n))((n / sin((n))

                      = limn ( ∞ (n2 / ( [(n2 + 1)(n2 – 2n + 2)])((n / sin((n))

The first fraction converges to 1 using standard limit laws.  The second does as well because (n ( 0, and because lim x ( 0 [x / sin(x)] = 1.

Therefore limn ( ∞ n2 (n = 1.
