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1.  Drop the four perpendiculars from P to the four sides.  Let a be the length of the perpendicular from P to AB.  Let b be the length of the perpendicular from P to BC.
Let c be the length of the perpendicular from P to CD.  And let d be the length of the perpendicular from P to DA.  Finally let x denote the unknown length DP.  Repeatedly using the Pythagorean theorem and the lengths given,

a2 + b2 = 112;  

b2 + c2 = 102;

a2 + d2 = 62;
    and     c2 + d2 = x2.

Adding all of these together gives,

2[a2 + b2 + c2 + d2] = 121 + 100 + 36 + x2.

But from the equations above we also know that

a2 + b2 + c2 + d2 = (a2 + d2) + (b2 + c2) = 100 + 36.

Therefore,  2[136] = 121 + 100 + 36 + x2.  So, x2 = 15 and hence x=√15.
2. Look at the remainders of (p), (p+2), and (p+4) when you divide them by 3.  Since 

{p, p+2, p+4} are set other than {3, 5, 7} then p>3.  Therefore p ( 3 and since it is prime, it must have a remainder (of either 1 or 2) when divided by 3.

Case 1: p has a remainder of 1 when divided by 3.  Then (p+2) has a remainder of zero when divided by 3, which means (p+2) is a multiple of 3, and therefore not prime.

Case 2: p has a remainder of 2 when divided by 3.  Then (p+4) has a remainder of zero when divided by 3, which means (p+4) is a multiple of 3, and therefore not prime.

3. Since gn is f composed with itself n times, the first two properties of the function guarantee that gn(1) = 1 if n is even and gn(1) = 2 if n is odd.
Now using the chain rule,

gn’(x) 

= [(f º f º f º f …º f)]’(x) 

= [f ‘(f º f º f º … º f)(x)][f ‘(f º f º … º f)(x)][f ‘(f º f º … º f)(x)]…[f ‘(f)(x)][f ‘(x)]

= [f ‘(gn – 1)(x)][f ‘(gn – 2)(x)][ f ‘(gn – 3)(x)]…[f ‘(f)(x)][f ‘(x)].

So, gn’(1)
= [f ‘(gn – 1)(1)][f ‘(gn – 2)(1)][ f ‘(gn – 3)(1)]…[f ‘(f)(1)][f ‘(1)].

If n is even, this product is [f ‘(2)][f ‘(1)][ f ‘(2)]…[f ‘(2)][f ‘(1)] = (5)(3)(5)…(5)(3),

so if n is even gn’(1) = (3)n/2 (5)n/2 = (15)n/2.
If n is odd, this product is [f ‘(1)][f ‘(2)][ f ‘(1)]…[f ‘(2)][f ‘(1)] = (3)(5)(3)…(5)(3),

so if n is odd gn’(1) = (3)(n+1)/2 (5)(n–1)/2 = 3(15)(n–1)/2.
4. Note that a1=6, a2=6 – 3, a3=6 – 3 + 1.5,  a3=6 – 3 + 1.5 – 0.75, etc.

Therefore the limit is the limit of this geometric series which is:

6 / (1 – (-½)) = 4. 
5.  Since  S = (1/1)3 + (1/2)3 + (1/3)3 + (1/4)3 + …, if we multiply by 1/8 we get


S/8 = (1/2)3 + (1/4)3 + (1/6)3 + (1/8)3 + ….

Subtracting two copies of the later series from the former series gives

         (1/1)3 – (1/2)3 + (1/3)3 – (1/4)3 + …  =  (3/4)S.

6.  Divide up the sequences according to the number of As that occur.  

If no As occur, all letters are B or C, so there are 210 possibilities.
If exactly 1 A occurs it can go in any of the first 9 positions.  It must be followed by a B, but the remaining 8 spots can be either B or C, so there are 9(2)8 possibilities.

If exactly 2 As occur, divide things up according to where the first A occurs.  It may occur in spot 1, 2, 3, 4, 5, 6, or 7 (and not beyond since it must be followed by a B and since we need yet another AB pair to fit).  If the first A occurs in spot j then a B must appear in spot (j+1) and in the remaining (n-(j+1)) spots we need to fit exactly 1 A, so we may determine how many ways that can be done in a similar manner to what was done above.  So there are a total of

7(2)6 + 6(2)6 + 5(2)6 + 4(2)6 + 3(2)6 + 2(2)6 + 1(2)6 = 28 (2)6 ways to do this.

Therefore the total number of such sequences is

(2)10 + 9(2)8 + 28(2)6 = 1024 + 9(256) + 28(64) = 5120
7. The function ex is equal to its Taylor series (1 + x + x2/2 + …) for all x.
In particular for x>0 we get the inequality ex > (1+x).

Applying this to x=(1/10) gives e1/10 > (1.1).
Taking natural logs gives (1/10) > ln(1.1) = ln(11) – ln(10).

Therefore ln(11) < (1/10) + ln(10).
