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1. Let O be the center of the circle.  The region ABC may be decomposed as a triangle ACO and a pie-shaped wedge BCO.  Since angle AOC is 120o angle BOC is 60o.  This means the area of triangle ACO is (1/2)((3 / 2)(3/2) = [(3/8)(3] and the wedge BCO is one-sixth the area of the circle, or ((/6).  Therefore,




Area(ABC) = [((3)/4] + [(/6].

The region ABD may be similarly decomposed and yields




Area(ABD) = [1/2] + [(/4].

Taking the difference shows that the area of the shaded region is




[(1/2) + ((/4)] – [((3)/4 + ((/6)] = [2 – ((3)]/4 + [((/12)]

2. The number of zeros in a is the number of times 10 is a factor of the number.  The prime decomposition of 10 is (2)(5), so the number of factors of (2) and (5) in (100!) must be determined.  Also, clearly there are more factors of (2) in (100!) than there are of (5), so we need only could the latter quantity.  The multiples of (5) that occur in (100!) are 5, 10, 15, …, 95, 100 (of which there are 20).  But, 25, 50, 75, and 100 all have two factors of five.  Therefore the prime decomposition of (100!) contains 524.  Therefore (100!) is divisible by 10 exactly 24 times, and therefore (100!) ends in 24 zeros.

3. Note for j=0, 1, 2, 3, … that for  x ( ( (1/2)j+1, (1/2)j ] the quantity log2(x) is larger than –(j+1), but not as large as (–j) .  Therefore, for such x, the quantity [log2(x)] = –(j+1).  This means the function [log2(2/x)] is piecewise constant and its integral may be computed as the infinite sum of the areas of rectangles.  Specifically the rectangle over the interval ( (1/2)j+1, (1/2)j ]  (which has width (1/2)j+1, note) has a height of –(j+1) and therefore an area of  –(j+1)(1/2)j+1.  So,

                                         1                                          (
                              (  [log2(x)]  dx  =  (  –(j+1)(1/2)j+1 = –2.

                                                            0                                           j=0
4. The total number of ways to select two numbers from this set is N2.

If N is even, the total number of ways to select two even numbers is (N/2)(N/2) and the total number of ways to select two odd numbers is also (N/2)(N/2).

This means the number of ways of selecting two numbers whose sum is even is N2/2 which then has a probability of (N2/2) / N2 = ½.

Therefore, in this case the probability of selecting an even sum is the same as selecting an odd sum.

Now suppose N is odd.  Then the total number of ways to select two even numbers is 

[(N – 1)/2][(N – 1)/2] and the total number of ways to select two odd numbers is

[(N + 1)/2][(N + 1)/2].  Adding these gives ((N2 + 1)/2) ways of selecting an even sum.  The probability of this occurring is then equal to ((N2 + 1)/2N2) = ½ + (1 / 2N2) which is larger than one half, and therefore larger than the probability of selecting an odd sum.

5. First we compute the first several iterations of the function.

f1(7) = 26;
f1(26) = 13;
f1(13) = 44;
f1(44) = 22;
f1(22) = 11;
f1(11) =38;

f1(38) = 19;
f1(19) = 62;
f1(62) = 31;
f1(31) = 98;
f1(98) = 49;
f1(49) = 152;


f1(152) = 76;
f1(76) = 38.

At which point we’ve identified a cycle.  We may summarize this information as follows:

f6(7) = 38
and
f8(38) = 38.

If f8(38) = 38, then f16(38) = 38 and f24(38) = 38 and in general f n(38) = 38 for any n which is a multiple of 8.

Decomposing 1,000,000 as 2 + 999,992 + 6 we have 1,000,000 = 2 + 124999(8) + 6.

So,  f1,000,000(7) = f2(f999,992(f6(7))) = f2(f999,992(38)) = f2(38) = f(f(38)) = 62.

6. If (7x + 5y) is a multiple of 13, then so is 6(7x + 5y).

But 6(7x + 5y) = (42x + 30y) = (3x + 4y) + 13(3x + 2y).

Therefore [(3x + 4y) + 13(3x + 2y)] is a multiple of 13, but if we subtract from this, another multiple of 13, namely 13(3x + 2y), what remains, (3x + 4y), must also be a multiple of 13.

7. Letting x=0 we have f(y) = f(0) + y3  for all real y.

Letting x=1 we have f(y+1) = f(1) + y3 for all real y.

Applying the first equation to (y+1) we get f(y+1) = f(0) + (y+1)3.

So, f(1) + y3 = f(0) + (y+1)3.

Or, f(1) – f(0) = 3y2 + 3y + 1.

Since this can’t be true for all y, no such function obeys such an equation.

