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1. Let ( be the measure of the two congruent angles.  Then using trigonometry and the Pythagorean theorem we see that


cos(() = X / [((X2 + 1)], while


cos(2() = X / Z.

Recalling the trig identity that cos(2() = 2cos2(() – 1, we get    

(X / Z)   =   [(2X2) / (X2 + 1)] – 1   =    (X2 – 1) / (X2 + 1)

Solving this for Z gives 

Z = [X (X2 + 1)] / (X2 – 1).

2. A cubic polynomial must be of the form   p(x) = ax3 + bx2 + cx + d.

If it is to pass through (0,1) and (1,0) it must be that

1 = p(0) = d,
and
0 = p(1) = a + b + c + d.

Therefore [d = 1] and [a + b + c + d = 0].

Further, if it has horizontal tangent lines at these points we have additional information about   p’(x) = 3ax2 + 2bx + c.  In particular,

0 = p’(0) = c,
and
0 = p’(1) = 3a + 2b + c.

Therefore [c = 0] and [3a + 2b + c = 0].

We now have a system of four equations and four unknowns which happens to have a unique solution – [a = 2,  b = –3,  c = 0,  d = 1].

There is a unique cubic polynomial with the desired properties:    p(x) = 2x3 – 3x2 + 1.

3. Subtracting two copies of the second equation from the first gives

x2 + y2 – 2xy + 3x – 3y   = 0, or

(x – y)2 + 3(x – y) = 0.

If we think of this as quadratic in (x – y) we may solve it to find

(x – y) = 0
or
(x – y) = –3.

In the first case y=x.  Plugging this back into the original 1st equation gives

2x2 = 10, so
x = ((5.
This gives two points (both of which are easily checked to be solutions)


((5, (5)  and  (–(5, –(5).

In the second case y = x+3.  Plugging this into the 2nd equation gives

x2 + 3x – 2 = 0, so
x = (–3((17)/2. 
This also gives to points (both of which are also solutions)


((–3+(17)/2 , (3+(17)/2)  and  ((–3–(17)/2 , (3–(17)/2).

These are the only four real solutions.

4. Suppose for some n ( 1 that [sinn(x) + cosn(x) = C] where C is a constant.  Taking derivatives of both sides of the equation gives

n sinn–1(x) cos(x) – n cosn–1(x) sin(x) = 0.

Since x((0, (/2) neither the sine nor the cosine are zero.  For that matter, neither is n.  Therefore we may divide both sides by [n sin(x) cosn–1(x)] to get

[sinn–2(x) / cosn–2(x)] – 1 = 0.

So,   tann–2(x) = 1.

Since the right hand side is not a function of x the left hand side cannot be either, but the left is only constant if n=2.  Therefore no other value of n ( 1 allows [sinn(x) + cosn(x)] to be constant.

5. Zig-Zag walks north a total distance of (1 + (1/4) + (1/16) + …) = (4/3) miles.

He walks west a total distance of ((1/2) + (1/8) + (1/32) + …) = (2/3) miles.

The total distance he walks, therefore, is 2 miles.

Since he walks at 1 mile per hour, the trip takes him 2 hours.

Xeno walks (4/3) miles north and (2/3) miles west as well, but takes a direct path.

Using the Pythagorean theorem this is a journey of ([20/9] miles.

Since he also walks at 1 mile per hour the trip takes him ([20/9] hours.

The difference in their times is thus,

(2 – ([20/9]) = (2 – (2/3)((5)) hours ( 30.56 minutes.  (Which is closest to 31 minutes).

6. A positive integer has k digits could have any of 9 starting digits {1, 2, …, 9}.  For each of its other digits there are 10 choices {0, 1, 2, …, 9}.  This makes the total number of positive k-digit numbers 9(10)(10)…(10) = 9(10)k–1.  Using similar logic the number of positive k-digit number which do not contain the digit “8” must be

Nk = 8(9)(9)…(9) = 8(9)k–1.  The remaining k-digit numbers must all contain an “8”, so

Ek = 9(10)k–1 – 8(9)k–1.

This means (Ek / Nk) = [9(10)k–1 – 8(9)k–1] / [8(9)k–1]  =          (9/8)[(10/9)]k–1 – 1.

Therefore the ratio goes to  (  as k ( (.

7. The first fact to note is that the only thing that matters is the last two digits.

Let “[AB]” represent any number whose last two digits are A and B.

It is not too difficult to see that the last two digits of a product may be determined from the last two digits of each of the factors.  In particular,

[41][41] = [81],    [81][41] = [21],     [21][41] = [61], and   [61][41] = [01].

Another way to view this is that

[41]2 = [81],
[41]3 = [21],
[41]4 = [61], and [41]5 = [01]. 

Also note that   [01]n = [01] for any n.

Finally, (41)2005 may be represented as

[41]2005 = ([41]5)401 = [01]4001 = [01].

The last two digits in the number (41)2005 are “01”.
