1st Annual Eastern Oregon University Mathematics Competition Solutions – 2004

1. Draw the diameters through the circles as in the diagram below and look at the whole area (the circles together with all shaded regions).
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On one hand the area is two half-circles and a rectangle with area      (r2 + (2r)(2x – r).

On the other hand this is also the area of the circles if they were disjoint since the overlap of the circles is the dark shaded region, but the light shaded region of the same area compensates for this loss.  Thus the area of the region is also             2(r2.

Setting     (r2 + (2r)(2x – r) = 2(r2     and solving yields  (x/r) = (4 – ()/2.

2a. A bit of guessing and checking determines that x=2 is a solution to 

x3 – 4x2 + 3x + 2 = 0.  This shows that the cubic can be factored as

0 = x3 – 4x2 + 3x + 2 = (x – 2) (x2 – 2x – 1).

So the other solutions are obtained by setting the quadratic term to zero.

The three real solutions are then  x = 2, x = (1 + (2), and x = (1 – (2).

2b. Determine the exact values of all real solutions of  x3 – 3x2 + 3x – 5 = 0.

0 = x3 – 3x2 + 3x – 5 = x3 – 3x2 + 3x – 1 – 4 = (x – 1)3 – 4.

So, (x – 1)3 = 4.  And the only real solution is  x = 1 + (4)1/3.

3. First {0,0,0} is easily seen to be a 3-cycle since f(0) = 0.

Note that if a negative value is input into g(x) an even larger negative is the output, so a 3-cycle cannot have any negative numbers in it.  Also, if x>1 then g(x) < 1.

This implies that if  a  is the smallest number in a 3-cycle {a,b,c} then it must be that

a ( 1,  b ( 1,  c > 1.  Therefore we can determine what the function must do at each stage.

We have  b = f(a) = 2a.
Then   c = f(b) = 2b = 4a.

Finally,  a = f(c) = 1 – c2 = 1 – 16a2.

This gives us a quadratic equation to which  a  must be a solution  16a2 + a – 1 = 0.

There is only one positive solution which gives  a =  (–1 + (65) / 32.

For this value {a, 2a, 4a} is a 3-cycle.  We have shown {0,0,0} and {a,2a,4a} are the only two 3-cycles for the function g(x).

4. Let S be the limit.  S = (2 + 1/(2 + 1/(2 + 1/(2+…)))).

Note this means that S = (2 + 1/(S)), which simplifies to S2 – 2S – 1 = 0.

This equation has two solutions, only one of which is positive (which S must be) and therefore S = 1 + (2.

5. There are three key things to note:

· f(x) cannot take on both positive and negative values, since this would imply    f(x) = 0 for some value of x which would contradict the assumption.

· f(x) cannot take be increasing in one interval and decreasing in another, since this would imply f ’(x) = 0 for some value of x which would contradict the assumption.

· f(x) cannot be concave up on one interval and concave down on another, since this would imply f ‘’(x) = 0 for some value of x which would contradict the assumption.

In other words, the signs of f(x), f ‘(x), and f ‘’(x) can never change.

Assume f(2) = –2  and  f(0) = –1.  This, together with the facts above tell us:

· f(x) is always negative.

· f(x) is always decreasing (and so f ‘(x) is always negative).

Since the product of all three derivatives must be positive this further implies

· f ‘’(x) is always positive (and thus f(x) is always concave up).

But this cannot be since it would then have to cross to above the x – axis (at some negative value of x) which we have already noted it cannot.  Therefore no such function can exist.

6. Let f(x) = 8x4 – 6x + 1.  Note that f(0) = 1, f(½) = –3/2, and f(1) = 3.

The sign change guarantees (by the Intermediate Value Theorem) that there is a solution to the equation  8x4 – 6x + 1 = 0  in the interval (0, ½) and in the interval (½, 1).  In particular there must be at least two solutions in the interval [0,1].

7. If  n  is a multiple of 5 it can be written  n = 5k  for some integer k.

If not, then when n is divided by 5 it must leave some remainder.  Another way to look at this is that

n = 5k + 1
if n leaves a remainder of 1,

n = 5k + 2
if n leaves a remainder of 2,

n = 5k + 3
if n leaves a remainder of 3,

n = 5k + 4
if n leaves a remainder of 4.

· If  n = 5k + 1, then (n2 + 4) = (25k2 + 10k + 5) which is divisible by 5.

· If  n = 5k + 2, then (n2 – 14) = (25k2 + 10k – 10) which is divisible by 5.

· If  n = 5k + 3, then (n2 – 14) = (25k2 + 10k – 5) which is divisible by 5.

· If  n = 5k + 4, then (n2 + 4) = (25k2 + 10k + 20) which is divisible by 5.

In any event above at least one of (n2 – 14) of (n2 + 4) is divisible by 5 and therefore cannot be prime.  [Note: Neither number can equal 5 in the range n is permitted].

Therefore the only way both (n2 – 14) and (n2 + 4) may be prime is if n is a multiple of 5.
