Math 321 – Differential Equations

Winter 2006

Final Exam

1a. [3pts] On what interval does the Existence and Uniqueness Theorem guarantee a unique solution to the initial value problem

t y’(t) + y(t)  =  t     ;      y(4) = 1.

1b. [3pts] Verify that   y(t) = (t/2) – (4/t)   is a solution to the initial value problem above.

1c. [6pts] Find the general solution to the differential equation:      t y’(t) + y(t)  =  t     

2a. [6pts] Solve the initial value problem   y’’(t) – 2y’(t) – 3y(t) = 0;   y(0)=1, y’(0)=2

using the original methods for 2nd order equation we developed.

2b. [6pts] Solve the initial value problem   y’’(t) – 2y’(t) – 3y(t) = 0;    y(0)=1, y’(0)=2

using LaPlace Transforms.

3. A 30 gallon aquarium is equipped with a filter.  A pump removes water from the aquarium at a rate of 2 gallons per minute, pumps it through a filter which removes 90% of the water’s contaminants, and then pumps the filtered water back into the aquarium (also at a rate of 2 gallons per minute).  Let N(t) be the quantity of contaminants in the water (in milligrams) at time t (in minutes).  Further, suppose the fish in the aquarium produce contaminants at a constant rate of 3 milligrams per minute.

3a. [6pts] Set up a differential equation modeling this situation where the unknown function is N(t).

3b. [6pts] In this scenario, what is the total quantity of contaminants that are in the aquarium after a long span of time (that is, as t ( ()?

[NOTE: You can answer (3b) by solving the equation in (3a), but that’s the hard way. 

You should be able to answer this WITHOUT solving the differential equation above].

4. In our study of second order differential equations we developed a strategy for solving non-homogeneous equations by first solving the homogeneous version of the equation and then adding that to a particular solution of the non-homogeneous equation.  The problems below ask you to more clearly define that process.

4a. [3pts] Write the general form of a 2nd order linear equation.

4b. [2pts] Write the general form of the corresponding 2nd order linear homogeneous equation.

4c. [7pts] Show that if yp(t) is a solution to the equation you wrote in (4a) and if yh(t) is a solution to the equation you wrote in (4b), then [yp(t) + yh(t)] is a solution to the equation you wrote in (4a).

5a. [3pts] Find all eigenvalues and eigenvectors of the matrix

 1   –4 

                                                                    4   –7 

5b. [5pts] Find the general solution to the following system of 1st order differential equations.





x ‘(t)  =   x(t) – 4y(t)






y ‘(t)  = 4x(t) – 7y(t)

5c. [4pts] Find the particular solution to the system from (5b) above with the initial conditions  x(0) = 3 ; y(0) = 2  and plot this solution in a phase plane diagram.

