Math 321 – Differential Equations

Winter 2004

Exam #1

1. [8pts] Find the solution to the following initial value problem

t y’ – y = t2 e2t       ;  y(1) = 0

Also state the interval in which the solution is guaranteed to be unique.

2. Consider the following differential equation

dy/dt  =  y (e–y – ½)

[Answer the questions below and note you DO NOT need to solve the equation itself for any part of the problem].

2a. [3pts] Determine all equilibrium solutions to the differential equation.

2b. [3pts] Determine whether each equilibrium is stable or unstable.

2c. [2pts] With the initial condition y(0) = 1 what can you say about  lim t ( ( y(t) ?  

3a. [4pts] Find the general solution to the following 2nd order differential equation:

y’’ –  y’ – 6y = 0 

 3b. [4pts] Now suppose, for the equation above, that the following initial values are given

y(0) = 4   ;  y’(0) = 1.

Find the solution to the initial value problem.
4. [8pts] Suppose that ((t) is a solution to the differential equation









y’(t) = y(t) [et + (y(t))2].

Prove that the function  ((t) = (((t))2 must then be a solution to the differential equation

                                      y’(t) = 2 y(t) [et + y(t)]

5. Suppose a cube of ice is being heated in two different ways:

· through absorption of microwaves (the microwaves can penetrate the entire cube, so this method of heating is causing the volume of the cube to diminish at a rate proportional to its current volume);  and 

· through heat conduction (the heat can only act at the surface of the cube, so this method of heating is causing the volume of the cube to diminish at a rate proportional to its current surface area).

 5a. [2pts] Write a differential equation expressing the rate of change of the volume of the cube in terms of its volume and surface area at time t.  Let (k) represent the constant of proportionality for the absorption portion of the heating and let (r) represent the constant of proportionality for the conduction part of the heating.

5b. [2pts] Using the fact that the block is a cube (and known formulas for volume and surface area of such a shape), rewrite the differential equation in terms of (x), the length of one side of the cube.

5c. [2pts] Assuming the block is initially 1cm on a side, solve the differential equation in (5b) for the function x(t) giving side length as a function of time.

5d. [2pts] Determine the amount of time (in terms of the constants k and r) that it takes for the cube to melt entirely.

